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Abstract
Continua for which maps between them have stable values are studied. The case when the continua
are Peano continua is emphasized.
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1. Introduction
Let f be a map (= continuous function). A stable value of f is a value p of f for
which there exists ε > 0 such that p is a value of all maps within ε of f in the supremum
metric.
Stable values of maps into n-cells play an important role in dimension theory: dim(X)
n if and only if some map of X into an n-cell has a stable value (Theorems VI 1 and VI 2
of [5]).
We investigate stable values in the setting of maps between continua; this seems to be
the first paper to consider stable values of maps in this general context, although a related
notion was studied in [2,7,8]. We focus on maps between Peano continua.
We relate stable and unstable values to pinches in Theorem 2.2 and in the Approxi-
mation Theorem in 3.1. Theorem 2.2 yields the result that every local separating point is
a stable value of any monotone map between Peano continua (Corollary 2.3). We use a
corollary to the Approximation Theorem to show that if X and Y are Peano continua, F
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is a finite separator of X and f :Y X is a map, then some point of F is a stable value
of f (Theorem 4.1). Thus, for example, any map of a Peano continuum onto a regular
curve has a stable value. Some results about pinches are variations of results that were
done in collaboration with J.F. Davis.
Several results fit into the general theme of characterizing continua for which every map
onto them is a specified type. We discuss this in Section 5 and present some questions that
we feel are of interest in connection with our results.
Our terminology is standard, but we note the following: All spaces are metric. A Peano
continuum is a locally connected continuum. The term separator refers to what is
sometimes called a cutting (i.e., a subset of a connected space whose complement in the
space is not connected); in particular, we use the term separating point instead of cut
point.
Our notation is also standard, but we point out the following:A denotes the closure of A.
We use Bd in denoting topological boundary (i.e., for A⊂X, Bd(A)= A∩X−A). For
ε > 0 and A⊂X, Nε(A) denotes the ε-neighborhood (ngh) of A in X. The same symbol d
denotes metrics for all spaces under consideration; in particular, for maps f and g, d(f,g)
is the supremum distance from f to g. The double headed arrow signifies that a map is
onto. We use Z =E|F to mean that a space Z is the union of the two nonempty mutually
separated sets E and F ; we also use a vertical line in denoting the restriction of a map. We
use × in denoting Cartesian products. Finally, ≈ stands for is homeomorphic to.
2. Pinches
We define the notion of a pinch and relate pinches to unstable values in Theorem 2.2. We
then note that Theorem 2.2 gives a result for monotone maps (Corollary 2.3). We include
a variation of Theorem 2.2 as a lemma for use later.
Definition. Let X and Y be continua, let p ∈X, and let f :Y X be a mapping. We say
that f is a pinch at p (with middle space M) provided that there is a continuum M and a
map g :Y M such that
f = π ◦ g,
where π :M X is a map such that for some two points q1, q2 ∈M , π(q1)= π(q2)= p
and π |(M − {q1, q2}) is a homeomorphism onto X− {p}.
We see from the definition just given that M/{q1,q2} ≈ X, where M/{q1,q2} denotes the
quotient space obtained from M by identifying q1 and q2.
We illustrate stable values and the notion of a pinch with the following example:
Example 2.0. Let Y be a continuum, let S1 = {z ∈ R2: |z| = 1}, and let f :Y  S1 be a
map. Then
(1) f has a stable value, and
(2) p is an unstable value of f if and only if f is a pinch at p.
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Proof. If f is essential and g :Y → S1 is a map such that d(f,g) < 2, then g is
essential [9, p. 257], thus g(Y )= S1; this proves that all values of f are stable. So, assume
that f is inessential. Then f has a lift (a continuous log) α :Y → R1 [9, p. 257], say
α(Y )= [a, b]. Fix t0 ∈ (a, b), and let q = exp(t0). We show that q is a stable value of f .
Choose t1 and t2 such that
a < t1 < t0 < t2 < b and t2 − t1 < 1.
There is a subcontinuum A of Y such that α(A)= [t1, t2] [11, p. 236]. Let a1, a2 ∈A such
that α(a1)= t1 and α(a2)= t2. Let
ε = min{d(q,f (a1)), d(q,f (a2))}.
Then ε > 0 and if g :Y → S1 is a map such that d(f,g) < ε, it follows easily that q ∈ g(A).
Therefore, q is a stable value of f . This completes the proof of (1).
Next, we prove (2).
Assume that p is an unstable value of f . Then, by the proof of (1), f must be inessential
and the lift α :Y  [a, b] must be such that p = exp(t) for any t ∈ (a, b); in other words,
p = exp(a)= exp(b) and b− a = 2π.
Therefore, f is a pinch at p with middle space [a, b].
Conversely, assume that f = π ◦ g is a pinch at p with middle space M . Let ε > 0.
Since M/{q1,q2} ≈ S1, where q1 and q2 are the two points in M whose image under π is
p, we see that M is an arc with end points q1 and q2. Thus, since f = π ◦ g, there is a
retraction r of M into M − {q1, q2} sufficiently close to the identity map of M so that
d(f,π ◦ r ◦ g) < ε;
clearly, p /∈ π ◦ r ◦ g(Y ). Therefore, we have proved that p is an unstable value of f . ✷
Lemma 2.1. Let X and Y be continua. If p is a separating point of X, then p is a stable
value of any map of Y onto X.
Proof. Let f :Y X be a map, and let X− {p} =U |V . Let g :Y →X be any map close
enough to f so that g(y1) ∈ U and g(y2) ∈ V for some points y1, y2 ∈ Y . Then, clearly,
p ∈ g(Y ). ✷
Theorem 2.2. Let X and Y be Peano continua, let p be a local separating point of X, and
let f :Y X be a map. If p is an unstable value of f , then f is a pinch at p.
Proof. We first define the middle space M . Since p is a local separating point of the Peano
continuum X, there is a connected open ngh U of p in X such that
U − {p} = V1|V2 and V1 ∩ V2 = {p}.
Let Z denote the disjoint union of X−U , V1 and V2:
Z = (X−U)+ (V1 × {1})+ (V2 × {2}).
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Let ∼ denote the equivalence relation for Z generated by stipulating that a ∼ (a, i) when
a ∈ Vi ∩ (X−U) for i = 1 or 2. Then M is the quotient space Z/∼ (with the identification
topology). We let ν :ZM denote the quotient map.
Next, we define the map π :MX. Let qi = ν(p, i) for i = 1 and 2. Then π :MX
is the map that identifies q1 and q2 to p; specifically, letting η be the natural identification
map of Z onto X,
π = η ◦ ν−1.
We see that π is continuous since ν is a quotient map (use 3.22 of [9, p. 45]).
We let W =M − {q1, q2}. It is easy to verify that π |W is a homeomorphism of W onto
X− {p}.
We now prove that M is a continuum. Since the equivalence classes of ∼ form an upper
semi-continuous decomposition of Z, M is compact and metrizable (3.9 of [9, p. 40]).
We prove that M is connected: Since p is an unstable value of f , p does not separate
X by Lemma 2.1; thus, since π |W is a homeomorphism onto X − {p}, W is connected;
therefore, since W is dense in M , M is connected.
Next, we will define the map g :Y M such that f = π ◦ g. For use in defining g, we
first prove the following:
(∗) Each component C of f−1(p) has a ngh NC in Y such that f (NC) ⊂ V1 ∪ {p} or
f (NC)⊂ V2 ∪ {p}.
Proof of (∗). Let C be a component of f−1(p). Since f is continuous and Y is a Peano
continuum, there is a connected ngh NC of C such that
f
(
NC
)⊂ V1 ∪ {p} ∪ V2. (1)
Since p is an unstable value of f , there is a sequence {ϕj }∞j=1 of maps of Y into X − {p}
such that ϕj
unif→ f . Thus, since NC is compact, we see from (1) that there is an integer J1
such that
ϕj
(
NC
)⊂ V1 ∪ V2 for all j  J1.
Next, note that since C is a component of f−1(p), there is a point y0 ∈ NC − f−1(p).
Thus, by (1), f (y0) ∈ Vk for some k = 1 or 2 (k is now fixed). Hence, there is an integer
J2 such that
ϕj (y0) ∈ Vk for all j  J2.
Now, let J = max{J1, J2}. Then, since V1 and V2 are mutually separated and ϕj(NC) is
connected for all j , we see that
ϕj
(
NC
)⊂ Vk for all j  J.
Thus, since ϕj
unif→ f , it follows that f (NC)⊂ Vk . Therefore, since V1 and V2 are mutually
separated, we now have by (1) that
f
(
NC
)⊂ Vk ∪ {p}.
This proves (∗).
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Now, letting NC have the meaning in (∗), we define Yi for each i = 1 and 2 as follows:
Yi =
⋃{
C: C is a component of f−1(p) and f (NC)⊂ Vi ∪ {p}
}
.
Note that by (∗), f−1(p)= Y1 ∪ Y2; also, note that Y1 ∩ Y2 = ∅ (since each NC contains a
point not in f−1(p) and V1 ∩V2 = ∅). Therefore, the following formula defines a function
g on Y to M:
g(y)=
{
(π |W)−1(f (y)), if y ∈ Y − f−1(p),
qi, if y ∈ Yi(i = 1or 2).
We show that g is continuous: Since (π |W)−1 is continuous on X−{p}, g is continuous
on Y −f−1(p); the continuity of g at each point of f−1(p) follows easily with a sequence
argument using (∗).
Furthermore, g maps Y onto M , which we see as follows: Since f [Y − f−1(p)] =
X− {p} and π(W)=X− {p},
g
[
Y − f−1(p)]= (π |W)−1(f [Y − f−1(p)])=W,
therefore, since g is continuous and W is dense in M , we have that g(Y )=M .
Finally, we see that f = π ◦ g since for any y ∈ f−1(p), y ∈ Yi for some i and, hence,
f (y)= p = π(qi)= π(g(y)).
The properties of g that we verified in the last three paragraphs show that f is a pinch
at p. ✷
Recall that a map is called monotone provided that each of its point inverses is
connected [9, p. 129].
Corollary 2.3. Let X and Y be Peano continua, and let f :Y  X be a monotone map.
Then every local separating point of X is a stable value of f .
We do not know if the converse of Theorem 2.2 is true.
We complete this section with a lemma that is a specialized variation of Theorem 2.2.
We use the lemma in the proof of the main theorem in Section 4.
Lemma 2.4. Let X and Y be Peano continua, let F be a finite irreducible separator of X,
and let p ∈ F . Let f :Y X be a map such that p is an unstable value of f . Then f is a
pinch at p with middle space M , say f = π ◦ g, such that π−1(F − {p}) separates M .
Proof. Since p is an unstable value of f , p does not separate X by Lemma 2.1. Hence,
F = {p}.
Let X− F =G|H . Note that since F is an irreducible separator of X, G∩H = F and
G and H are connected [6, p. 244].
Now, let M be the quotient space obtained from the (disjoint) union, Z, of G× {1} and
H × {2} by identifying each point (x,1) of (F − {p})× {1} with the corresponding point
(x,2) of (F −{p})×{2}. Since G and H are connected and since F = {p}, we see that M
is a continuum.
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Let ν :ZM denote the quotient map, and let qi = ν(p, i) for each i = 1 and 2.
Let π :M  X be the natural map that identifies q1 and q2; specifically, π = η ◦ ν−1
where η :Z  X is the map that projects a point to its first coordinate. Note that π is
continuous by 3.22 of [9, p. 45].
Clearly, π−1(F − {p}) separates M .
Finally, we need to define a map g :Y M such that f = π ◦ g.
Since F is a finite irreducible separator of X, p is a local separating point of X (9.42
of [12, p. 63]). Thus, since X is a Peano continuum, there is a connected open ngh U of p
in X such that
U − {p} = V1|V2 and V1 ∩ V2 = {p}.
Next, note that (∗) in the proof of Theorem 2.2 holds here (by the same proof).
Therefore, we can define g :Y M such that f = π ◦ g exactly as we did in the proof
of Theorem 2.2. ✷
The middle space M that we constructed to prove Theorem 2.2 may not be able to be
used to prove Lemma 2.4. For example, let X be a theta curve, let p be a point of order
three in X, and let q be a point of order two in X; then the space M constructed by splitting
X at p (as in the proof of Theorem 2.2) with q lying on the simple closed curve in M is
not separated by q . (We note that the space M constructed by splitting X at p with q not
lying on the simple closed curve in M is separated by q and, in fact, is an example of the
middle space constructed to prove Lemma 2.4.)
3. An approximation theorem
We prove an approximation theorem for pinches between continua in general. We use
the theorem to prove Corollary 3.2 which, in turn, we use to prove the main theorem in
Section 4.
Approximation Theorem 3.1. Let X and Y be continua, and let p ∈ X. Let f =
π ◦ g :Y  X be a pinch at p with middle space M and π(q1) = π(q2)= p. Let ε > 0.
Then there is a δ > 0 such that if ϕ :Y →X is a map with d(ϕ,f ) < δ, then there is a map
γ :Y →M such that d(γ, g) < ε and π[γ (y)] = ϕ(y) for all y ∈ Y − f−1[Nε(p)].
Proof. Let ε > 0. Let
δ0 =min
{
ε,
1
3
d(q1, q2)
}
,
and let Vi =Nδ0(qi) for each i = 1 and 2. Let U = π(V1)∪π(V2). We note the following:
(1) V1 ∩ V2 = ∅.
(2) π−1(U)= V1 ∪ V2.
(3) π(V1)∩ π(V2)= π(V1) ∩ π(V2)= {p}.
(4) U is open in X.
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Proof of (4). (4) follows from (2) since π is a quotient map.
(5) π(Vi)= π(Vi) for each i = 1 and 2.
Proof of (5). (5) is due to the fact that π is a closed map.
(6) π(Vi)− {p} is open in X for each i = 1 and 2.
Proof of (6). Since Vi − {qi} is open in M − {q1, q2}, (6) follows from the fact that
π |(M − {q1, q2}) is a homeomorphism onto X− {p}.
We divide the remainder of the proof of the Approximation Theorem into five steps. In
all that follows, the letters i and j denote any choice from {1,2} such that i = j .
Step 1: Definition of δ
We define
δ = min{δ0, δ1, . . . , δ5}
where δ1, . . . , δ5 are defined below (δ0 was already defined).
(7) There exists δ1 > 0, δ1 < ε, such that Nδ1(p)⊂U .
Proof of (7). (7) follows from (4) since p ∈ U .
(8) There exist open sets W1 and W2 in X such that for i = 1 and 2, Bd[π(Vi)]−{p} ⊂Wi
and Wi ∩ [Wj ∪ π(Vj )∪Nδ1(p)] = ∅.
Proof of (8). Using (1) and (7), it follows that there are disjoint open subsets H1 and H2
of M satisfying the following:
Bd(V1)⊂H1, Bd(V2)⊂H2, H1 ∩ V2 = ∅, H2 ∩ V1 = ∅,
H1 ∩ π−1
(
Nδ1(p)
)= ∅, H2 ∩ π−1(Nδ1(p) )= ∅.
It is easy to verify that
π
[
Bd(Vi)
]= Bd[π(Vi)]− {p}, i = 1 and 2.
Now, let W1 = π(H1) and W2 = π(H2). Then W1 and W2 satisfy (8).
(9) There exists δ2 > 0, such that Nδ2(π(Vi))⊂Wi ∪ π(Vi)∪Nδ1(p).
Proof of (9). Note that π(Vi) = π(Vi) ∪ Bd[π(Vi)] (by 5.17(c) of [9, p. 81]); also,
Bd[π(Vi)] ⊂Wi ∪Nδ1(p) by (8). Hence,
π
(
Vi
)⊂ π(Vi)∪Wi ∪Nδ1(p). (∗)
By (6) and (8), π(Vi) ∪Wi ∪Nδ1(p) is open in X. Therefore, (9) now follows using (∗)
since π(Vi) is closed in X.
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(10) There exists δ3 > 0 such that Nδ3(X−U)⊂W1 ∪ (X−U)∪W2.
Proof of (10). Since Bd(X−U)= Bd(U) and U = π(V1)∪ π(V2), we see that
Bd(X−U)⊂ Bd[π(V1)]∪Bd[π(V2)].
Hence, by (8), Bd(X−U)⊂W1 ∪W2 ∪ {p}; however, p /∈Bd(X−U) since p ∈ U and
U is open in X (by (4)). Hence, Bd(X−U)⊂W1 ∪W2. Thus, since W1 and W2 are open
in X (by (8)), W1 ∪ (X −U) ∪W2 is open in X. Therefore, since X − U is closed in X,
(10) now follows.
(11) There exists δ4 > 0 such that Nδ4 [π(Vi)−Nδ1(p)] ⊂ [π(Vi)− {p}] ∪Wi .
Proof of (11). By (6) and (8), [π(Vi)− {p}] ∪Wi is open in X; also, by (9),
π(Vi)−Nδ1(p)⊂ [π(Vi)− {p}] ∪Wi.
Therefore, (11) now follows since π(Vi)−Nδ1(p) is closed in X.
We note the following notation:
Qi = (M − Vj )∪ π−1(Wj ),
Pi = (X−U)∪ π(Vi)∪Wj ,
πi = π |Qi.
(12) πi is a homeomorphism of Qi onto Pi .
Proof of (12). We show that π(Qi)= Pi . Since qi ∈M − Vj and p is the only point that
is the image of two points under π , we see that
π(M − Vj )=
[
X− π(Vj )
]∪ {p}. (a)
Since π(V1)∩ π(V2)= {p} (by (3)) and U = π(V1)∪ π(V2), we see that[
X− π(Vj)
]∪ {p} = (X−U)∪ π(Vi). (b)
It follows easily from (a) and (b) that π(Qi)= Pi . Thus, since π :MX is a closed map,
we have that
π
(
Qi
)= Pi.
Therefore, (12) now follows from the fact that π |Qi is one-to-one (which is due to the fact
that qj /∈Qi ).
(13) There exists δ5 > 0 such that whenever x1, x2 ∈ Pi and d(x1, x2) < δ5, then
d(π−1i (x1),π
−1
i (x2)) < ε.
Proof of (13). Since Pi is compact, we have by (12) that π−1i :Pi  Qi is uniformly
continuous. Hence, there exists µi > 0 such that if x1, x2 ∈ Pi and d(x1, x2) < µi , then
d(π−1i (x1),π
−1
i (x2)) < ε. Let
δ5 =min{µ1,µ2}.
S.B. Nadler Jr / Topology and its Applications 126 (2002) 429–444 437
It is clear that this choice of δ5 satisfies (13).
Step 2: The retractions r1 and r2
We let ri denote the natural retraction of U ∪Wi onto π(Vi)∪Wi given by the following
formula:
(14) ri(x)=
{
x, if x ∈ π(Vi)∪Wi,
p, if x ∈ π(Vj ), j = i.
We see that ri is well defined since, by (3) and (8),[
π(Vi)∪Wi
]∩ π(Vj)= {p}.
We see that ri is continuous since π(Vi) ∪Wi and π(Vj ) are each closed in U ∪Wi (use
(3), (6) and (8)).
Step 3: The sets Y1 and Y2
Recall the map g from the statement of our theorem. Also, remember that we always
assume that j = i . For each i ∈ {1,2}, we let
Yi = Y − g−1(Vj ).
(15) Y1 ∪ Y2 = Y .
Proof of (15). (15) follows easily from the fact that V1 ∩ V2 = ∅ (by (1)).
(16) Y1 ∩ Y2 = Y − f−1(U).
Proof of (16). We assume in our lemma that f = π ◦ g; hence, we see from (2) that
f−1(U)= g−1(V1 ∪ V2). Therefore, (16) follows easily.
Step 4: The maps γ1 and γ2
As in our theorem, let ϕ :Y → X be a map with d(ϕ,f ) < δ, where δ is as defined in
Step 1. We define the maps γ1 and γ2, and then we verify that the maps are, indeed, well
defined and continuous.
We define γi :Yi →M as follows (πi is defined above (12)):
(17) γi(y)=
{
π−1i [ϕ(y)], if y ∈ Y1 ∩ Y2,
π−1i [ri (ϕ(y))], if y ∈ g−1(Vi).
We prove that γi is well defined on all of Yi in (18)–(22).
(18) Yi = (Y1 ∩ Y2)∪ g−1(Vi).
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Proof of (18). By definition of Yj , Y − Yj = g−1(Vi); hence,
Yi ⊂ (Y1 ∩ Y2)∪ g−1
(
Vi
)
.
The reverse containment holds since g−1(Vi)⊂ Yi by (1). This proves (18).
Recall W1 and W2 from (8) and Pi from above (12).
(19) W1 ∪ (X−U)∪W2 ⊂ Pi .
Proof of (19). By (8), Wi ∩ π(Vj ) = ∅. Hence, Wi ∩ U ⊂ π(Vi). Therefore, (19) now
follows immediately from the definition of Pi .
(20) ϕ(Y1 ∩ Y2)⊂ Pi .
Proof of (20). Let y ∈ Y1 ∩ Y2. Then, by (16), f (y) ∈X −U . Thus, since d(ϕ,f ) < δ 
δ3, we have by (10) that
ϕ(y) ∈W1 ∪ (X−U)∪W2.
Therefore, by (19), ϕ(y) ∈ Pi . This proves (20).
(21) If y ∈ g−1(Vi), then ri (ϕ(y)) ∈ Pi .
Proof of (21). Let y ∈ g−1(Vi). Then, since f = π ◦ g, f (y) ∈ π(Vi). Thus, since
d(ϕ,f ) < δ  δ2, we have by (9) that
ϕ(y) ∈Wi ∪ π(Vi)∪Nδ1(p).
Therefore, since Nδ1(p) ⊂ U (by (7)), ϕ(y) ∈Wi ∪ U . Hence, ri is defined at ϕ(y) and,
thus,
ri
(
ϕ(y)
) ∈ π(Vi)∪Wi.
Therefore, since π(Vi) ⊂ Pi (by definition of Pi ) and Wi ⊂ Pi (by (19)), we have that
ri (ϕ(y)) ∈ Pi . This proves (21).
(22) If y ∈ (Y1 ∩ Y2)∩ g−1(Vi), then ri(ϕ(y))= ϕ(y).
Proof of (22). Let y ∈ (Y1 ∩ Y2) ∩ g−1(Vi). Then f (y) ∈ X − U (by (16)) and f (y) ∈
π(Vi) (since f = π ◦ g). Thus, since
d(ϕ,f ) < δ min{δ2, δ3},
we see by (9) and (10) that
ϕ(y) ∈ [Wi ∪ π(Vi)∪Nδ1(p)]∩ [W1 ∪ (X−U)∪W2].
Hence, we see from (7) and (8) that ϕ(y) ∈Wi . Therefore, ri(ϕ(y))= ϕ(y) (by (14)). This
proves (22).
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Now, since π−1i is a function on Pi (by (12)), we see from (18) and (20)–(22) that γi
is a function on all of Yi .
Finally, we prove the following:
(23) γi :Yi →M is continuous.
Proof of (23). (23) follows from (12) since the sets Y1 ∩ Y2 and g−1(Vi) are compact
(hence closed in their union, which is Yi by (18)).
Step 5: The map γ
We define γ :Y → M as follows (in (25)–(27), we verify that γ has the properties
claimed in our theorem):
(24) γ (y)=
{
γ1(y), if y ∈ Y1,
γ2(y), if y ∈ Y2.
(25) γ is a continuous function on all of Y .
Proof of (25). Note that Y1 and Y2 are closed in Y , Y1 ∪ Y2 = Y (by (15)) and γi is
continuous for each i (by (23)). Therefore, it remains to show that γ1(y) = γ2(y) for all
y ∈ Y1 ∩ Y2. Let y ∈ Y1 ∩ Y2. Then, by (16), f (y) ∈X−U . Thus, since
d(ϕ,f ) < δ  δ3,
we see from (10) that ϕ(y) ∈W1 ∪ (X−U)∪W2. Hence, by (8), ϕ(y) = p. Thus, noting
that π−11 and π
−1
2 are defined at ϕ(y) (by (12) and (19)), we have that
π−11
[
ϕ(y)
]= π−12 [ϕ(y)].
Therefore, by the first part of formula (17), γ1(y) = γ2(y). This completes the proof of
(25).
(26) d(γ, g) < ε (under our assumption that d(ϕ,f ) < δ).
Proof of (26). Let y ∈ Y . Then, by (16), either y ∈ Y1 ∩ Y2 or y ∈ f−1(U).
Case 1: y ∈ Y1 ∩ Y2. Then, by (24) and the first part of (17), we have that
γ (y)= π−1i
[
ϕ(y)
]
. (a)
Next, we prove (b) below. By (16), f (y) /∈ U . Thus, since f = π ◦g (by assumption in our
theorem), g(y) /∈ Vj . Therefore, g(y) ∈Qi (defined above (12)). Hence, f (y)= πi(g(y))
since f = π ◦ g. Thus, since πi is one-to-one (see (12)),
g(y)= π−1i
[
f (y)
]
. (b)
Now, since d(ϕ(y), f (y)) < δ  δ5, (13) together with (a) and (b) above give us that
d
(
γ (y), g(y)
)
< ε.
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Case 2: y ∈ f−1(U). Then, since f = π ◦ g, π(g(y)) ∈ U . Hence, by (2), y ∈
g−1(V1 ∪ V2), say y ∈ g−1(Vi). Thus, by (1), y ∈ Yi . Therefore, γ (y)= γi(y) (by (24)).
Thus, since y ∈ g−1(Vi), the second part of formula (17) applies, giving us that
γ (y)= π−1i
[
ri
(
ϕ(y)
)]
.
Therefore, since π−1i (p) = qi , we see from (14) that there are only two possibilities for
γ (y):
γ (y)=
{
π−1i
[
ϕ(y)
]
, if ϕ(y) ∈ π(Vi) ∪Wi,
qi, if ϕ(y) ∈ π(Vj). (c)
We consider the two possibilities in (c) after we prove (d) below. Since g(y) ∈ Vi ,
g(y) /∈ Vj (by (1)); hence, g(y) ∈ Qi (defined above (12)). Thus, since f = π ◦ g,
f (y)= πi(g(y)). Therefore, since πi is one-to-one (by (12)), we have that
g(y)= π−1i
[
f (y)
]
. (d)
Now, we consider the two parts of (c) in turn: First, assume that γ (y)= π−1i [ϕ(y)]; then,
since d(ϕ(y), f (y)) < δ  δ5, we see from (d) and (13) that
d
(
γ (y), g(y)
)
< ε.
Secondly, assume that γ (y)= qi ; then, since g(y) ∈ Vi =Nδ0(qi),
d
(
γ (y), g(y)
)= d(qi, g(y))< δ0  ε.
From what we have shown in Case 1 and Case 2, we have proved (26).
Finally, we prove the following:
(27) π(γ (y))= ϕ(y) for all y ∈ Y − f−1[Nε(p)].
Proof of (27). It is obvious from formulas (24) and (17) that π(γ (y)) = ϕ(y) for all
y ∈ Y1 ∩ Y2. Hence, by (16), we are only left to prove (27) for the case when y ∈
f−1(U)− f−1[Nε(p)]. So, let
y ∈ f−1(U)− f−1[Nε(p)].
Then, f (y) ∈ π(Vi) − Nε(p) for some i . Thus, since δ1 < ε (by (7)), f (y) ∈ π(Vi) −
Nδ1(p). Therefore, since d(ϕ,f ) < δ  δ4, we have by (11) that
ϕ(y) ∈ [π(Vi)− {p}]∪Wi.
Hence, by formula (14), ri (ϕ(y))= ϕ(y). Therefore, it is again evident from formulas (24)
and (17) that π(γ (y))= ϕ(y). This completes the proof of (27).
By virtue of (25), (26) and (27), we have proved our theorem. ✷
Corollary 3.2. Let X and Y be continua, and let p ∈X. Let f = π ◦ g :Y X be a pinch
at p with middle space M . Let z ∈M − π−1(p). Then z is a stable value of g if and only
if π(z) is a stable value of f .
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Proof. It is easy to see that if gi
unif→ g and z /∈ gi(Y ) for all i , then π ◦ gi unif→ f and
π(z) /∈ π ◦ gi(Y ) for all i . Therefore, if z is an unstable value of g, then π(z) is an unstable
value of f .
Conversely, assume that π(z) is an unstable value of f . We show that z is an unstable
value of g.
Let η = 12d(π(z),p), and note that η > 0. Since π is uniformly continuous, there is
an ε > 0, ε  η, such that whenever s, t ∈ M and d(s, t) < ε, then d(π(s),π(t)) < η.
For this choice of ε, let δ > 0 be as guaranteed by Approximation Theorem 3.1. Since
π(z) is an unstable value of f , there is a map ϕ :Y →X − {π(z)} such that d(ϕ,f ) < δ.
Hence, by Approximation Theorem 3.1, there is a map γ :Y →M such that d(γ, g) < ε
and π[γ (y)] = ϕ(y) for all y ∈ Y − f−1[Nε(p)].
We show that γ (y) = z for all y ∈ Y . Suppose, to the contrary, that there exists a point
w ∈ Y such that γ (w)= z. Then, since π(z) /∈ ϕ(Y ), it is clear that w ∈ f−1[Nε(p)]. Since
d(γ, g) < ε and γ (w)= z, d(z, g(w)) < ε; hence, by our choice of ε and since f = π ◦ g,
we have that d(π(z), f (w)) < η. Thus, since w ∈ f−1[Nε(p)],
d
(
π(z),p
)
 d
(
π(z), f (w)
)+ d(f (w),p)< η+ ε  2η= d(π(z),p),
which is impossible. Therefore, γ (y) = z for all y ∈ Y .
Since ε in the argument above can be chosen to be as small a positive number as we
wish, we have shown that z is an unstable value of g. ✷
4. Stable values in finite separators
We prove the following theorem, which leads to the result that every map of a Peano
continuum onto a regular curve has a stable value
Theorem 4.1. Let X and Y be Peano continua, and let F be a finite separator of X. If
f :Y X is a map, then some point of F is a stable value of f .
Proof. We prove the theorem by induction on |F | (= cardinality of F ).
Assume that |F | = 1, F = {p}. Then p is a separating point of X; therefore, by
Lemma 2.1, p is a stable value of f .
Assume inductively that our theorem is true for any Peano continuumX with a separator
of cardinality  n, where n is a given positive integer.
Now, assume that X is a Peano continuum with a separator F such that |F | = n+1, and
let f :Y  X be a map. Let p ∈ F . Assume that F is an irreducible separator and that p
is an unstable value of f (otherwise, we are done). Then f is a pinch at p with f = π ◦ g
and middle space M as in Lemma 2.4. Let
H = π−1(F − {p}).
Since p ∈ F and π−1|(X − {p}) is a function, |H |  n. Also, M is a Peano continuum
(since g maps Y onto M). Therefore, we can apply our inductive assumption to the Peano
continua Y and M , the map g :Y M and the separator H , thereby concluding that some
442 S.B. Nadler Jr / Topology and its Applications 126 (2002) 429–444
point z of H is a stable value of g. Hence, by Corollary 3.2, π(z) is a stable value of f .
Clearly, π(z) ∈ F . Therefore, our theorem now follows from induction. ✷
Corollary 4.2. If a Peano continuum X is separated by some finite set, then every map of
any Peano continuum onto X has a stable value.
We discuss the converse of Corollary 4.2 in the next section.
For the next corollary, recall that a regular curve is a continuum such that each point
has arbitrarily small nghs whose boundaries are finite ([9, p. 171] or [12, p. 63]).
Corollary 4.3. Every map of any Peano continuum onto a regular curve has a stable value.
5. Class(S)
As a general problem, it is of interest to characterize those continua X for which every
map of any continuum onto X is a specified type. For example, a continuum X is said to
be in Class(W) provided that every map of any continuum onto X is weakly cofluent; the
continua in Class(W) are characterized in two ways: they are the continua with the covering
property (in the sense of hyperspaces), and they are the absolutely C∗-smooth continua [4].
For information about classes of continua defined by various types of maps, see [3].
We say that a continuum X is in Class(S) provided that every map of any continuum
ontoX has a stable value. A continuum is in Class(S) with respect to a family C of continua
provided that every map of any continuum in C onto X has a stable value.
For example, (1) of Example 2.0 says that S1 is in Class(S), and Corollary 4.3 says that
every regular curve is in Class(S) with respect to the family of Peano continua. (See the
comment at the end of the paper about Alejandro Illanes’ recent work.)
Our main problem is to intrinsically characterize the nondegenerate Peano continua
in Class(S); in particular, are they the nondegenerate Peano continua that have finite
separators?
We do not know if having a finite separator is necessary for a nondegenerate Peano
continuum to be in Class(S). In fact, we do not know if the converse of Corollary 4.2 is true
(when X is nondegenerate). In view of the fact that finite separators have local separating
points (9.42 of [12, p. 63]), the following theorem provides some support for the converse
of Corollary 4.2 to be true:
Theorem 5.1. If a nondegenerate Peano continuum X is in Class(S) with respect to Peano
continua, then X has a local separating point. Moreover, every stable value of any map of
I = [0,1] onto a nondegenerate Peano continuum X is a local separating point of X.
Proof. We prove the second part of the theorem; the first part then follows since there is a
map of I onto X (8.14 of [9, p. 126]).
Let f be a map of I onto a nondegenerate Peano continuum X. Let p ∈X such that p
is not a local separating point of X. We prove that p is an unstable value of f .
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Since there are maps ψ arbitrarily close to f such that ψ(0) = p and ψ(1) = p, we can
assume for the proof that f (0) = p and f (1) = p.
Let ε > 0. Let U be a connected open ngh of p such that diam(U) < ε. Since f−1(p)
is a compact subset of (0,1), there are finitely many points si and ti with
0 < s1 < t1 < s2 < t2 < · · ·< sn < tn < 1
such that f−1(p)⊂⋃ni=1(si, ti ) and ⋃ni=1 f ([si, ti ])⊂U .
Since p is not a local separating point of X and U is connected, U − {p} is arcwise
connected (8.26 of [9, p. 132]). Hence, for each i , there is an arc Ai in U −{p} from f (si)
to f (ti) (if f (si)= f (ti), then let Ai = {f (si)}). For each i , let gi be a map of [si, ti ] onto
Ai such that gi(si )= f (si) and gi(ti)= f (ti ).
Now, define g : I →X as follows:
g(r)=
{
f (r), if r ∈ I −⋃ni=1(si, ti ),
gi(r), if r ∈ [si, ti ].
Then, it is easy to verify that g is continuous,p /∈ g(I) and d(f,g) < ε. Therefore, we have
proved that p is an unstable value of f . This proves the second part of the theorem. ✷
We point out that a non-Peano continuum can be in Class(S) and, yet, not have a finite
separator. This follows from the next theorem, as we will show following the statement of
the theorem.
A C-set in a continuum X is a subcontinuum A of X such that any subcontinuum of X
that intersects both A and X−A contains A.
The proof of the following theorem is similar to the proof of Lemma 2.1:
Theorem 5.2. Any continuum containing a separating C-set is in Class(S).
Now, for a specific example of a continuum X in Class(S) that has no finite separator,
proceed as follows: Let X1 and X2 be disjoint non-Peano compactifications of [0,1] ×
[0,1) with arcs A1 and A2 as the remainders, and let X be the continuum obtained by
attaching X1 to X2 by means of a homeomorphism of A1 onto A2 [9, pp. 42–43]. The arc
in X along which X1 is attached to X2 is a separating C-set in X; hence, by Theorem 5.2,
X is in Class(S). Clearly, X has no finite separator.
Finally, let us turn our attention briefly to arc-like continua. A continuum X is arc-like,
or chainable, provided that for each ε > 0, there is an ε-map of X onto [0,1]; see [9,
p. 228]. Note the following consequence of Theorem 5.2:
Corollary 5.3. Every hereditarily decomposable arc-like continuum is in Class(S).
Proof. It follows from Theorem 8 of [1, p. 658] that every hereditarily decomposable
arc-like continuum has separating C-sets. Therefore, the corollary follows from Theo-
rem 5.2. ✷
We do not know an inherent characterization of the arc-like continua that are in Class(S).
We note that the Buckethandle continuum X [9, p. 22] is an arc-like continuum that is not
in Class(S) since the identity map of X onto X has no stable value.
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I presented the results in this paper at the First International Meeting on Continuum
Theory, held in Puebla, Mexico, June 29–July 1, 2000. At that time, I asked if Theorem 4.1
could be extended by not requiring that Y be a Peano Continuum; in other words, Is
every Peano Continuum with a finite separator in Class(S)? Recently, Alejandro Illanes has
answered this question affirmatively with a beautiful proof and different ideas than those
used here. As a consequence, Corollaries 4.2 and 4.3 are true for maps whose domain
is any continuum. This extension of Corollary 4.3, namely, that every regular curve is in
Class(S), was stated in [10, p. 204], but the proof I had for it contained an error.
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